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We continue the investigation of a recent proposal on alternative matching conditions for self-
gravitating defects which generalize the standard matching conditions. The reasoning for this study
is the need for consistency of the various codimension defects and the existence of a meaningful
equation of motion at the probe limit, things that seem to lack from the standard approach. These
matching conditions arise by varying the brane-bulk action with respect to the brane embedding
fields (and not with respect to the bulk metric at the brane position) in a way that takes into account
the gravitational back-reaction of the brane to the bulk. They always possess a Nambu-Goto probe
limit and any codimension defect is seemingly consistent for any second order bulk gravity theory.
Here, we consider in detail the case of a codimension-1 brane in five-dimensional Einstein gravity,
derive the generic alternative junction conditions and find the Z2−symmetric braneworld cosmology,
as well as its bulk extension. Compared to the standard braneworld cosmology, the new one has an
extra integration constant which accounts for the today matter and dark energy contents, therefore,
there is more freedom for accommodating the observed cosmic features. One branch of the solution
possesses the asymptotic linearized LFRW regime. We have constrained the parameters so that to
have a recent passage from a long deceleration era to a small today acceleration epoch and we have
computed the age of the universe, consistent with current data, and the time-varying dark energy
equation of state. For a range of the parameters it is possible for the presented cosmology to provide
a large acceleration in the high energy regime.
I. INTRODUCTION
Distributional (thin) branes in an appropriate dimensional spacetime model the dynamics of various physical sys-
tems, as it is the universe itself. A classical infinitely thin test brane with tension (probe) moving in a given background
spacetime is governed at lowest order by the Nambu-Goto action [1]. Variation of this action with respect to the brane
embedding fields gives the Nambu-Goto equations of motion which are geometrically described by the vanishing of the
trace of the extrinsic curvature, and therefore, the worldsheet swept by the brane is extremal (minimal). When the
gravitational field of the defect is taken into account both the bulk metric and the brane position become dynamical.
Here, we consider throughout that the bulk metric is regular (finite and continuous) at the brane position. The
standard method for obtaining the equations of motion of a back-reacting brane is to consider the bulk field equations
with all the localized energy-momentum tensor included and to isolate and integrate out the distributional terms.
A discontinuous extrinsic curvature or a conical singularity can source such delta functions of suitable codimension.
While for thin shells Israel matching conditions are well-established [2], when the support of a generic distributional
stress-energy tensor is higher-codimensional, it does not make sense to consider solutions of Einstein’s equations [3],
[4], [5], [6] (a pure brane tension is a special situation which is consistent [7], [8]).
In [9], geometric junction conditions for a codimension-2 conical defect in six-dimensional Einstein-Gauss-Bonnet
theory were derived with the hope that the above inconsistency is not due to the defect construction, but due to the
inability of Einstein gravity to describe complicated distributional solutions. In [10] the consistency of the whole set
of junction plus bulk field equations was explicitly shown for an axially symmetric codimension-2 cosmological brane
in six-dimensional EGB gravity, and it is likely that the consistency will remain for non-axial symmetry. Analogously,
e.g. a 5-brane in eight dimensions is again of codimension-2 and EGB theory would suffice, but for a 4-brane in
eight dimensions (codimension-3) the third Lovelock density [11] would need for consistency. However, e.g. a 2-brane
in six dimensions is of codimension-3 and it is probably inconsistent since the spirit of the proposal is to include
higher Lovelock densities to accommodate higher codimension defects and there is no higher than the second Lovelock
density in six dimensions. In brief, the generalization of the proposal is that in a D-dimensional spacetime the
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2maximal [(D−1)/2] Lovelock density should be included (possibly along with lower Lovelock densities) and the branes
with codimensions δ = 1, 2, ..., [(D−1)/2] should be consistent according to the standard treatment; for yet higher
codimensions the situation is not clear and probably inconsistent. In four dimensions the absence of higher Lovelock
densities does not allow the existence of generic codimension-2 or 3 defects, but even if four dimensions are not the
actual spacetime dimensionality, at certain length and energy scales it has been tested that four-dimensional Einstein
gravity represents effectively the spacetime to high accuracy, so a consistent four-dimensional framework would at
least be desirable. Beyond the above (possible) shortcomings, there are extra difficulties with handling distributional
sources inside an equation. For example, for a codimension-2 brane there are two kinds of distributions involved,
δ(r)/r and δ(r), where r is the radial coordinate from the brane. If both distributions are used to derive two matching
conditions [12], then an unnatural and undesirable inconsistency for certain boundary conditions arises [10]. Moreover,
there is the problem of the regularization of the distributional equation, since multiplying by r only one distributional
term remains, while multiplying by r2 all distributions vanish. If however one considers the corresponding variational
problem of brane-bulk action (variation with respect to the bulk metric at the brane position), the volume element of
integration rdrdθ vanishes the δ(r) distribution and only one matching condition arises, consistent with bulk dynamics.
Having stated the question of consistency of “high” codimension defects in either D or 4-dimensional spacetime,
we now pass to the question of the probe limit. We note that the standard equations of motion of a self-gravitating
defect do not obey the natural condition of continuous deformation from the probe limit equation of motion (which is
the Nambu-Goto equation). Indeed, the Israel matching conditions under vanishing of the brane energy-momentum
tensor give vanishing extrinsic curvature (geodesic motion), and similarly the probe limit of a codimension-1 brane
in EGB gravity [13] is another equation of motion, while the codimension-2 matching condition in EGB theory [9],
[10], [14] is a third equation of motion. To set an analogy, the linearized equation of motion of a point particle in
four dimensions [15], [16] (which is not involved in our discussion since in this case the bulk metric diverges on the
brane) is a correction of the geodesic equation of motion on a given background (of course, for a 0-brane the geodesic
equation coincides with the Nambu-Goto) and for a two-body system the probe limit is realized when one mass is
much smaller than the other. However, in an analogous case it has been shown [17], [18] that a probe point mass
moves on the geodesic of a background-solution of any gravitational theory, so the above variety of probe equations
of motion for different gravitational theories (or also the dependence of the equation of motion on the codimension of
the defect) maybe is not acceptable. Additionally, the matching conditions in EGB or Lovelock gravity [13], [9], [14]
are cubic or quadratic algebraic equations in the extrinsic curvature with the total brane energy-momentum tensor on
their right-hand side. Switching off this brane content the probe limit arises which is a cubic or quadratic equation,
therefore, in general, it possesses a multiplicity of probe solutions. This means that these theories do not predict
according to the standard approach a unique equation of motion at the probe level 1. In this spirit, a correct probe
limit equation of motion should be linear in the extrinsic curvature and such are the geodesic or the Nambu-Goto
equations.
We would like to finish the discussion on the standard approach mentioning another possible deficiency. The
variation of a bulk action with respect to the bulk metric, beyond the main bulk terms gives as usual additional
“garbage” D−dimensional terms. With the exception of codimension-1 case where the inclusion of the Gibbons-
Hawking term on the hypersurface cancels these terms, for all higher codimension defects such terms cannot cancel
whatever terms are added on the defect. The only possible thing one could imagine is to consider a “tube” around
the defect (two planes for codimension-1, a tube for codimension-2, a sphere for codimension-3, etc.), convert the
unpleasant terms into “tube” terms, make the cancelation on the “tube”, and take the shrink limit. The variation of
the brane-bulk action in the interior of the “tube”, considering also the relevant distributional terms and integrating
out around the defect, will give the brane equation of motion. Therefore, the metric variation outside the “tube”
has to be independent in order to get the bulk equations of motion, and also it has to be independent on the defect
to get the brane equation of motion. For the “tube” terms to cancel, some condition on the metric variation has to
be assumed on the “tube” (either Dirichlet-like if generalized Gibbons-Hawking terms [13], [19] are included on the
“tube”, or Newmann-like). It seems that in the shrink limit these “tube” conditions will be inconsistent with the
independence of the brane metric variation.
A criticism against the standard approach in the lines of the above discussion was performed in [20], together with a
proposal for obtaining alternative matching conditions called “gravitating Nambu-Goto matching conditions”. These
arise by varying the brane-bulk action with respect to the brane position variables (embedding fields). Although
the brane energy-momentum tensor is still defined by the variation of the brane action with respect to the induced
metric, however, this tensor enters the new matching conditions in a different way than before. Here, the distributional
terms are still present, not inside a distributional differential equation leading directly to inconsistencies at certain
1 this argument was mentioned to us by J. Zanelli
3cases, but rather smoothed out inside an integration. In [20], it was shown in particular the consistency of the
codimension-2 defect in EGB gravity according to these alternative junction conditions, while the consistency of the
codimension-2 limit of Einstein gravity [21] was also discussed. Gravitating matching conditions aim to satisfy all
the previous shortcomings of the standard conditions. Four-dimensional Einstein gravity seems to be consistent for
any codimension brane and the same seems also true either for Einstein or any Lovelock extension for all higher
spacetime dimensions D (since the inclusion of the maximal Lovelock density now is not crucial). These alternative
matching conditions always have the Nambu-Goto probe limit, independently of the gravitational theory considered,
the dimensionality of spacetime or the codimensionality of the defect. Finally, since the proposed equation of motion
for the defect is decoupled from the bulk metric variation, the “outside” problem (outside the “tube”) is well-posed
with a boundary Dirichlet or Newmann type of variation on the “tube” (the central line is defined by an independent
variation with respect to the embedding fields). The proposed matching conditions generalize the standard matching
conditions, and so, all the solutions of the bulk equations of motion plus the conventional matching conditions are
still solutions of the current system of equations.
In the present work we study the codimension-1 case in Einstein gravity. Our approach is reminiscent of the “Dirac
style” variation performed in [22], however our resulting matching conditions in the general case do not coincide with
the matching conditions derived in [22]. We have applied various methods in order to confirm the derived result.
Our main conceptual point, in view of the above arguments of consistency of the various codimension defects and
their probe limit, is that the gravitating Nambu-Goto matching conditions may be close to the correct direction
for deriving realistic matching conditions. We have applied these matching conditions for a Z2 cosmological brane
without imposing any restriction about the bulk. The cosmology derived is different than the cosmology derived in
[22] (where the bulk was assumed to be AdS5) and the bulk space found here is not AdS5. The set-up of the paper is as
follows: In section II the method is introduced as an extension of the Nambu-Goto variation for any codimension, so
that the contribution from the gravitational back-reaction is included. In section III the generic alternative junction
conditions of a codimension-1 brane in five-dimensional Einstein gravity are derived and manipulated together with
the remaining effective equations on the brane. Analogous equations hold for other codimension-1 branes in other
spacetime dimensions, but we choose the 3-brane as it can represent our world in the braneworld scenario. In section IV
we specialize to the cosmological configuration, integrate the brane system of equations and find the brane cosmology.
This cosmology has richer structure compared to the cosmology derived according to the standard conditions. In
section V we find the bulk extension of the brane cosmology. In section VI we investigate the cosmological equations
which provide interesting and realistic cosmological evolutions and study their phenomenological implications. Finally,
in section VII we conclude.
II. A BRIEF INTRODUCTION OF THE METHOD
In order to get an idea how the proposed variation with respect to the embedding fields of the brane position
is performed we give in this section a brief account of the method for any codimension (for more details see [20]).
However, the exact derivation of section III in 5-dimensional spacetime is independent of this section. We start with
a general four-dimensional action of the form
s4=
∫
Σ
d4χ
√
|h|L(hij) (2.1)
in a D-dimensional spacetime, where L is any scalar on Σ built up from the induced metric hij . The brane coordinates
are χi (i, j... are coordinate indices on the brane) and the bulk coordinates are xµ (µ, ν, ... are D-dimensional indices).
In the present paragraph the bulk metric gµν is fixed and non-dynamical, while the treatment of a back-reacted
metric will be given in the next paragraph of this section. The embedding fields are the external (bulk) coordinates
of the brane, so they are some functions xµ(χi). Let the brane is deformed to another position described by the
displacement vector δ¯xµ(xν) and the corresponding variation of the various quantities is denoted by δ¯x. The variation
of the tangent vectors on the brane xµ,i is δ¯x(x
µ
,i) = (δ¯x
µ),i ≡ δ¯xµ,i. Since the bulk coordinates do not change, the
variation of gµν is
δ¯xgµν=gµν,λδ¯x
λ (2.2)
and the variation of hij = gµν x
µ
,i x
ν
,j is
δ¯xhij = gµν,λx
µ
,ix
ν
,j δ¯x
λ + gµνx
µ
,iδ¯x
ν
,j + gµνx
ν
,j δ¯x
µ
,i = x
µ
,ix
ν
,j(gµν,λ δ¯x
λ + gµλδ¯x
λ
,ν + gνλδ¯x
λ
,µ). (2.3)
The variation of s4 becomes
δ¯xs4=
∫
Σ
d4χ
√
|h| τ ij δ¯xhij , (2.4)
4where τ ij= δLδhij +
L
2 h
ij . Substituting δ¯xhij , integrating by parts and imposing δ¯x
µ|∂Σ = 0, we get
δ¯xs4 = −2
∫
Σ
d4χ
√
|h| gµσ[(τ ijxµ,i)|j + τ ijΓµνλxν,ixλ,j ]δ¯xσ
= −2
∫
Σ
d4χ
√
|h| gµσ(τ ij|j xµ,i − τ ijKαijn µα )δ¯xσ, (2.5)
since xµ|ij = x
µ
;ij , x
µ
;ij + Γ
µ
νλx
ν
,ix
λ
,j = −Kαijn µα , where Kαij = nαi;j are the extrinsic curvatures on the brane and
n µα (α = 1, ..., δ=D−4) form a basis of normal vectors to the brane. The covariant differentiations | and ; correspond
to hij and gµν respectively, while Γ
µ
νλ are the Christoffel symbols of gµν . Due to the arbitrariness of δ¯x
µ it arises
τ ij|j x
µ
,i − τ ijKαijn µα = 0 (2.6)
and since the vectors xµ,i, n
µ
α are independent, two sets of equations arise
τ ij|j = 0 , τ
ijKαij = 0⇔ τ ij(xµ;ij + Γµνλxν,ixλ,j) = 0. (2.7)
Note that the previous equivalence of the two expressions, one with free index α and the other with free index µ is
due to that the vectors xµ;ij + Γ
µ
νλx
ν
,ix
λ
,j are normal to the brane. The variation described so far is the same with
the one leading to the Nambu-Goto equation of motion. Indeed for L = 1, it is τ ij = 12h
ij and the first equation is
empty, while the second becomes hijKαij = 0⇔ hxµ + Γµνλhνλ = 0 which is the Nambu-Goto equation of motion.
Note again that the previous equivalence of the two expressions for the Nambu-Goto equation, one with free index
α and the other with free index µ is due to that the vector hx
µ + Γµνλh
νλ is normal to the brane. Similarly, the
Regge-Teitelboim equation of motion [23] is a generalization where L collects the four-dimensional terms of (3.1), i.e.
L =
rD−4c
2κ2D
R−λ+ Lmat√|h| . It is τ
ij = − 12
( rD−4c
κ2D
Gij+λhij −T ij), so the first equation becomes the standard conservation
T ij|j = 0 and the second
( rD−4c
κ2
D
Gij + λhij − T ij)Kαij = 0.
In order to express the back-reaction of the brane onto the bulk and vice-versa, we consider a general higher-
dimensional action of the form
s
D
=
∫
M
dDx
√
|g| L(gµν), (2.8)
where L is any scalar on M built up from the metric gµν , e.g. L = R(gµν). Under an arbitrary variation of the bulk
metric δgµν the variation of sD is δsD=
∫
M
dDx
√
|g| eµνδgµν , where eµν = δLδgµν +
L
2 g
µν , and the stationarity δs
D
= 0
under arbitrary variations δgµν gives the bulk field equations e
µν = 0. The boundary terms arising from this variation
in the presence of a defect disappear by a suitable choice for the boundary condition of δgµν , usually by choosing a
Dirichlet boundary condition for δgµν . However, in the presence of the defect, inside e
µν , beyond the regular terms
which obey eµν=0, in general there are also non-vanishing distributional terms making the variation δs
D
not identically
zero. The bulk action knows about the defect through these distributional terms. Since distr eµν ∝ δ(δ), where δ(δ)
is the δ-dimensional delta function with support on the defect, it is (distr eµν)δgµν ∝ δ(δ)δgµν = δ(δ) δgµν |brane, so
only the variation of the bulk metric at the brane position contributes to δs
D
, as expected. More precisely, these
distributional terms always appear in the parallel to the brane components and if distreij = kijδ(δ), the variation
δs
D
gets the form
δs
D
=
∫
M
dDx
√
|g| kijδ(δ)δhij =
∫
Σ
d4χ
√
|h| kijδhij . (2.9)
Therefore, there is an extra variation of the bulk metric at the brane position δgµν |brane (which in the adapted frame
coincides with the variation of the induced metric δhij) which is independent of the bulk metric variation and this
extra variation determines the brane equation of motion. The corresponding variation of the total action at the brane
position is
δ(s
D
+ s4)|brane =
∫
Σ
d4χ
√
|h| (kij + τ ij)δhij . (2.10)
In particular, if all the components of the variation δhij are independent from each other, the stationarity of the total
action at the brane position δ(s
D
+ s4)|brane = 0 gives the standard matching conditions (or standard brane equations
5of motion) kij + τ ij = 0⇔ kµν+τµν = 0, where kµν = kijxµ,ixν,j, τµν = τ ijxµ,ixν,j are parallel to the brane tensors.
Under a variation δ¯xµ of the embedding fields, the variations of gµν , hij were given in the previous paragraph and
the corresponding variation of the total action at the brane position will be
δ¯x(sD + s4)|brane =
∫
Σ
d4χ
√
|h| (kij + τ ij)δ¯xhij . (2.11)
Following the same steps as in the previous paragraph with τ ij replaced by kij+τ ij , the stationarity δ¯x(sD+s4)|brane =
0 gives, due to the arbitrariness of δ¯xµ, the brane equations of motion
(kij + τ ij)|j = 0 , (kij + τ ij)Kαij = 0⇔ (kij + τ ij)(xµ;ij + Γµνλxν,ixλ,j) = 0. (2.12)
These can be called “gravitating Nambu-Goto matching conditions” since they collect also the contribution from bulk
gravity and they form a schematic summary of our proposal. Nothing ab initio assures their consistency with the
bulk field equations. However, for the non-trivial case of a codimension-2 defect in six-dimensional EGB gravity the
consistency has been shown in [20]. In order to describe the previous variation of the brane position there is also
the equivalent passive viewpoint of a bulk coordinate change xµ → x′µ = xµ + δxµ. Now the brane does not change
position but it is described by different coordinates and the change of the embedding fields is δxµ. Of course, only
the value of the variation δxµ on the brane, and not the values δxµ away from the brane, is expected to influence the
corresponding variation of the brane-bulk action at the brane position. Although a bulk action s
D
is invariant under
coordinate transformations, the presence of the defect, i.e. of the distributional terms inside s
D
, make δxsD |brane 6=0.
Let the tensor fields φµν (x
ρ) transform according to their functional variation which is the change in their functional
form,
δxφ
µ
ν = φ
′µ
ν (x
ρ)− φµν (xρ) = φλν (xρ)δxµ,λ − φµλ(xρ)δxλ,ν − φµν,λδxλ = −£δxφµν , (2.13)
i.e. transform according to the Lie derivative with generator the infinitesimal coordinate change. Therefore, δxgµν =
−(gµν,λδxλ + gµλδxλ,ν + gνλδxλ,µ), while δxxµ = 0, δx(xµ,i) = 0, thus δxhij = (δxgµν)xµ,ixν,j . The stationarity under
arbitrary variations δxµ of the total brane-bulk action δx(sD + s4)|brane =
∫
Σ
d4χ
√
|h| (kij + τ ij)δxhij gives again the
same matching conditions as before.
III. FIVE-DIMENSIONAL SETUP AND ALTERNATIVE MATCHING CONDITIONS
Let us consider the general system of five-dimensional Einstein gravity coupled to a localized 3-brane source. The
domain wall Σ splits the spacetime M into two parts M± and the two sides of Σ are denoted by Σ±. The unit normal
vector nµ points inwards M±. The total brane-bulk action is
S =
1
2κ25
∫
M
d5x
√
|g| (R− 2Λ5)+
∫
Σ
d4χ
√
|h|
( rc
2κ25
R− λ
)
− 1
κ25
∫
Σ±
d4χ
√
|h|K +
∫
M
d5xLmat +
∫
Σ
d4χLmat, (3.1)
where gµν is the (continuous) bulk metric tensor and hµν = gµν − nµnν is the induced metric on the brane (µ, ν, ...
are five-dimensional coordinate indices). The bulk coordinates are xµ and the brane coordinates are χi (i, j, ... are
coordinate indices on the brane). The symbol Σ± in an integral means the contribution from both sides of the surface.
The calligraphic quantities refer to the bulk metric, while the regular ones to the brane metric. The brane tension
is λ (denoted also by V in the next sections concerning cosmology) and the induced-gravity term [24], if present,
has a crossover length scale rc = 2κ
2
5m
2 = m2/M3, where κ−25 = M
3
5 = 2M
3 = (8πG5)
−1. Lmat, Lmat are the
matter Lagrangian densities of the bulk and of the brane respectively. The contribution on each side of the wall of
the Gibbons-Hawking term will also be necessary here as in the standard treatment. K = hµνKµν is the trace of the
extrinsic curvature Kµν = h
κ
µh
λ
νnκ;λ (the covariant differentiation ; corresponds to gµν).
Varying (3.1) with respect to the bulk metric we get the bulk equations of motion
Gµν=κ25Tµν − Λ5gµν , (3.2)
where Gµν is the bulk Einstein tensor and Tµν is a regular bulk energy-momentum tensor. We are mainly interested
in a bulk with a pure cosmological constant Λ5 = κ
2
5Λ = Λ/2M
3, but for the present we leave a non-vanishing Tµν .
More precisely, we define the variation δgµν of the bulk metric to vanish on the defect. In this variation, beyond the
basic terms proportional to δgµν which give (3.2), there appear, as usually, extra terms proportional to the second
covariant derivatives (δgµν);κλ which lead to a surface integral on the brane with terms proportional to (δgµν);κ.
6Adding the Gibbons-Hawking term, the normal derivatives of δgµν , i.e. terms of the form n
κ(δgµν);κ, are canceled.
The remaining boundary terms are either terms proportional to δgµν or terms containing h
µνnλ(δgµλ);ν . These
last terms lead (up to an irrelevant integration on ∂Σ) again to terms proportional to δgµν , and more precisely, all
the boundary terms together are basically of the known form (Kµν−Khµν)δgµν . Finally, considering as boundary
condition for the variation of the bulk metric its vanishing on the brane (Dirichlet boundary condition for δgµν), there
is nothing left beyond the terms in equation (3.2). The Gibbons-Hawking term will again contribute in a while in
another independent variation performed in order to obtain the brane equations of motion.
According to the standard method, the interaction of the brane with the bulk comes from the variation δgµν at
the brane position of the action (3.1), which is equivalent to adding on the right-hand side of equation (3.2) the term
κ25 T˜µν δ
(1), where T˜µν =
√
|h|/|g| [Tµν−λhµν− (rc/κ25)Gµν]. Tµν is the brane energy-momentum tensor, Gµν the
brane Einstein tensor and δ(1) the one-dimensional delta function with support on the defect. This approach leads to
the (generalized due to rc) Israel matching conditions, it has been analyzed in numerous papers and discussed in the
Introduction.
Here, we discuss an alternative approach where the interaction of the brane with bulk gravity is obtained by varying
the total action (3.1) with respect to δxµ, the embedding fields of the brane position [20], [22]. The embedding fields
are some functions xµ(χi) and their variations are δxµ(xν). While in the standard method the variation of the bulk
metric at the brane position remains arbitrary, here the corresponding variation is induced by δxµ as explained in
section II, it is given by
δgµν = δxgµν = g
′
µν(x
ρ)− gµν(xρ) = −(gµν,λδxλ + gµλδxλ,ν + gνλδxλ,µ) = −£δxgµν , (3.3)
and is obviously independent from the variation leading to (3.2). The induced metric hij = gµν x
µ
,i x
ν
,j enters the
localized terms of the action (3.1) and depends explicitly and implicitly (through gµν) on the embedding fields. Also
the bulk terms of (3.1) contribute implicitly to the brane variation under the variation of the embedding fields. The
result of δxµ variation gives, as we will see, as coefficient of δxµ a combination of vectors parallel and normal to the
brane, therefore, two sets of equations will finally arise as matching conditions instead of one. Instead of directly
expressing δgµν , δhij in terms of δx
µ, it is convenient to include the constraints in the action and vary independently
(however, we will also perform the direct calculation). So, the first constraint hij = gµν x
µ
,i x
ν
,j implies the independent
variation of hij . The variation δx
µ affects the variation of the parallel to the brane vectors xµ,i which in turn influences
the variation of the normal vector nµ. So, the additional constraints nµx
µ
,i = 0, gµνn
µnν = 1 have to be added, and
δnµ is another independent variation. Finally, the third variation δgµν depends on δx
µ by (3.3). Therefore, δgµν
are independent from δnµ, δhij , but the various δgµν components are not all independent from each other, so in the
end they have to be expressed in terms of δxµ which are independent. If λij , λi, λ0 are the Lagrange multipliers
corresponding to the above constraints, the constraint action added to S is
Sc =
∫
Σ±
d4χ
√
|h|
[
λij(hij − gµνxµ,ixν,j) + λi nµxµ,i + λ0 (gµνnµnν − 1)
]
. (3.4)
In general, the various Lagrange multipliers are different among the two sides Σ±. Moreover, since there are two
normals nµ+, n
µ
−, there are two independent variations with respect to the normals at the two sides. These two
variations are independent since one could consider, for example, the case where only the half space M+ exists.
Although the bulk metric gµν is continuous across the defect, the variation δgµν is different among the two sides
Σ±. Indeed, the extrinsic curvature is in general discontinuous on the brane and from equation (3.3), δgµν contains
derivatives of the metric. Therefore, δgµν can be expressed in terms of quantities on either side of the defect, but
not simultaneously in terms of quantities on both sides. Finally, there is the extra independent variation δhij with
respect to the brane metric hij .
7Variation of S+Sc with respect to nµ, hij , gµν at the brane gives
δ(S+Sc)
∣∣
brane
=
∫
Σ±
d4χ
√
|h|
(
λixµ,i+2λ
0nµ− 1
κ25
Knµ
)
δnµ
+
∫
Σ±
d4χ
√
|h|
[
λij+
1
κ25
(
Kij−K
2
hij
)]
δhij +
∫
Σ
d4χ
√
|h|
[1
2
(T ij−λhij)− rc
2κ25
Gij
]
δhij
−
∫
Σ±
d4χ
√
|h| (λijxµ,ixν,j+λ0nµnν)δgµν
− 1
2κ25
∫
M
d5x
√
|g|
{
Gµν−κ25T µν+Λ5gµν
}
δgµν
∣∣∣
brane
− 1
2κ25
∫
Σ±
d4χ
√
|h|hµνnλ [(δgµλ);ν − (δgµν);λ]
+
1
2κ25
∫
Σ±
d4χ
√
|h|hµνnλ [2(δgµλ);ν − (δgµν);λ] . (3.5)
When rc 6=0, one should add in (3.1) the integral of the extrinsic curvature k of ∂Σ (if ∂Σ is not empty) to cancel
some terms from the variation δR; this, in general, does not affect the dynamics of Σ [25].
The basic root of difficulty for deriving (3.5) is the Gibbons-Hawking term K. Its treatment, due to the imposition
of the constraints (3.4), is different from the conventional treatment of the variation δgµν described after equation
(3.2). In the first line of (3.5), the δnµ terms arise from the appropriate terms of (3.4) and the K = h
ijKij term of
(3.1), where the identities Kij=ni;j=−nµ(xµ;ij+Γµνλxν,ixλ,j), −Kijnµ = xµ;ij +Γµνλxν,ixλ,j have been used (Γµνλ are
the Christoffel symbols of gµν). These identities show that Kij is a function of the independent variables nµ, gµν , but
it does not depend on the independent variable hij . Next, the δhij terms in the second line of (3.5) arise again from
the appropriate terms of (3.4) and all the four-dimensional terms of (3.1). Finally, the variation δgµν on the brane is
more difficult. The first contribution comes from the appropriate terms of (3.4) and the derived terms are those of the
third line of (3.5), where special care is needed for the variation of gµνn
µnν since nµ is kept fixed and not n
µ. Second,
it arises from the five-dimensional terms of (3.1) and the derived terms are those of the fourth line of (3.5). Third, it
arises from theK term of (3.1) and the derived terms are those of the fifth line of (3.5). In order to get these last terms,
the identity K = hijnµ,(i x
µ
,j)−nµΓµνλhνλ was used, which arises from Kij = nµ;νxµ,ixν,j =nµ,(i xµ,j)−nµΓµνλxν,ixλ,j
and hµν = hijxµ,ix
ν
,j.
The last term of the fourth line of (3.5) cancels the last term of the fifth line, so the normal derivatives of δgµν
cancel. Then, use is made of the identity hµνnλ(δgµλ);ν = (h
µνnλδgµλ)|ν − (Kµν−Knµnν)δgµν , where | denotes
covariant differentiation with respect to hµν (or hij), to convert the remaining (δgµλ);ν terms of (3.5) to δgµν terms
(up to an irrelevant integration on ∂Σ). Finally, the quantity in curly brackets appearing in the fourth line of (3.5)
vanishes since it coincides with equation (3.2) which is also valid on the brane. The variation (3.5) takes the form
δ(S+Sc)
∣∣
brane
=
∫
Σ±
d4χ
√
|h|
(
λixµ,i+2λ
0nµ− 1
κ25
Knµ
)
δnµ
+
∫
Σ±
d4χ
√
|h|
[
λij+
1
κ25
(
Kij−K
2
hij
)]
δhij +
∫
Σ
d4χ
√
|h|
[1
2
(T ij−λhij)− rc
2κ25
Gij
]
δhij
−
∫
Σ±
d4χ
√
|h| (λijxµ,ixν,j+λ0nµnν)δgµν − 12κ25
∫
Σ±
d4χ
√
|h| (Kµν−Knµnν)δgµν . (3.6)
As explained above, δnµ, δhij are independent variations, but δgµν depends on δx
µ which are also independent. So,
δ(S + Sc)
∣∣
brane
= 0 gives
λixµ,i +
(
2λ0 − 1
κ25
K
)
nµ = 0 (3.7)
λij+ + λ
ij
− +
1
κ25
(
Kij−K
2
hij
)∣∣∣
+
+
1
κ25
(
Kij−K
2
hij
)∣∣∣
−
+
1
2
(
T ij−λhij)− rc
2κ25
Gij = 0 (3.8)∫
Σ±
d4χ
√
|h|
[
λijxµ,ix
ν
,j + λ
0nµnν +
1
2κ25
(
Kµν−Knµnν)]δgµν = 0 , (3.9)
where δgµν obeys (3.3). Equation (3.7) holds separately for each side Σ±. Since the vectors x
µ
,i ,n
µ
α are independent,
equation (3.7) implies for any side separately λi = 0, λ0 = 1
2κ25
K. Equation (3.8) contains the combination λij+ + λ
ij
−
8and it will be seen that the matching conditions contain the same combination, so the matching conditions will be
unambiguously determined. Then, equation (3.9), with λij satisfying (3.8), takes the form∫
Σ±
d4χ
√
|h|
( 1
2κ25
Kµν + λijxµ,ix
ν
,j
)
δgµν = 0 . (3.10)
Since Kµν = Kijxµ,ix
ν
,j , equation (3.10) is written as∫
Σ±
d4χ
√
|h|µijxµ,ixν,j δgµν = 0 , µij =
1
2κ25
Kij + λij . (3.11)
Contrary to the present situation, had we considered all δnµ, δhij , δgµν independent, equations (3.7), (3.8) would still
arise. Equation (3.11) would be written as
∫
Σ
d4χ
√
|h| (µij+ + µij−)xµ,ixν,j δgµν = 0 providing µij+ + µij− = 0. Then,
using equation (3.8), the Israel matching condition (Kij −Khij)+ + (Kij −Khij)− = κ25(λhij − Tij) + rcGij would
arise.
In our approach δgµν has to be expressed via (3.3) in terms of quantities on either side and equation (3.11) becomes∫
Σ+ orΣ−
d4χ
√
|h|Mijxµ,ixν,j δgµν = 0 , Mij = µij+ + µij− , (3.12)
or equivalently ∫
Σ+ orΣ−
d4χ
√
|h|Mij(gµν,λxµ,ixν,jδxλ + 2gµνxµ,ixλ,jδxν,λ)=0 . (3.13)
After an integration of (3.13) by parts and imposing δxµ|∂Σ = 0, we get∫
Σ+ orΣ−
d4χ
√
|h| gµσ
[Mij|j xµ,i +Mij(xµ;ij+Γµνλxν,ixλ,j)]δxσ = 0 (3.14)
and since the extrinsic curvature satisfies −Kijnµ = xµ;ij + Γµνλxν,ixλ,j , equation (3.14) becomes∫
Σ+ orΣ−
d4χ
√
|h| gµσ
(Mij|j xµ,i −MijKijnµ)δxσ = 0 . (3.15)
Due to the arbitrariness of δxµ it holds
Mij|j xµ,i −MijK+ijnµ+ = 0 , Mij|j xµ,i −MijK−ijnµ− = 0 , (3.16)
therefore, two sorts of matching conditions arise
MijK+ij = 0 , MijK−ij = 0 (3.17)
Mij|j = 0 . (3.18)
Substituting λij+ + λ
ij
− of Mij from (3.8), we get the matching conditions of codimension-1 Einstein gravity[
(Kij+ −K+hij) + (Kij− −K−hij) + κ25(T ij − λhij)− rcGij
]
K+ij = 0 (3.19)[
(Kij+ −K+hij) + (Kij− −K−hij) + κ25(T ij − λhij)− rcGij
]
K−ij = 0 (3.20)[
(Kij+ −K+hij) + (Kij− −K−hij) + κ25T ij
]
|j = 0 . (3.21)
It is obvious that any solution of the standard matching conditions is still solution of the above matching conditions,
therefore, the new space of solutions is expected to be a continuous deformation of the space of solutions of the
standard theory.
If the extrinsic curvaturesK+ij ,K
−
ij are proportional to each other, i.e. K
−
ij = ηK
+
ij , the previous matching conditions
become [
(1 + η)(Kij −Khij) + κ25(T ij − λhij)− rcGij
]
Kij = 0 (3.22)[
(1 + η)(Kij −Khij) + κ25T ij
]
|j = 0 , (3.23)
9where Kij ≡ K+ij .
A Z2−symmetric brane obeys K−ij = K+ij ≡ Kij , so it corresponds to η = 1. The matching conditions become
[
Kij −Khij + κ
2
5
2
(T ij − λhij)− rc
2
Gij
]
Kij = 0 (3.24)
T ij|j = −
2
κ25
(
Kij −Khij)|j . (3.25)
The “smooth” brane has Kij continuous, so −K−ij = K+ij ≡ Kij and corresponds to η = −1. The matching conditions
are [
κ25(T
ij − λhij)− rcGij
]
Kij = 0 (3.26)
T ij|j = 0 . (3.27)
In [22], the matching conditions derived are not the same with (3.19)-(3.21). The reason is that although equations
(3.7), (3.8) were still valid there, equation
∫
Σ+
d4χ
√
|h|µij+xµ,ixν,j δg+µν+
∫
Σ−
d4χ
√
|h|µij−xµ,ixν,j δg−µν = 0 was considered
instead of equation (3.12). Therefore, equations µij+K
+
ij = 0, µ
ij
−K
−
ij = 0, µ
ij
+ |j = 0, µ
ij
− |j = 0 were derived instead of
equations (3.17), (3.18). From equations µij+ |j = 0, µ
ij
− |j = 0, the matching condition (3.18) is derived. However, since
in equations µij+K
+
ij = 0, µ
ij
−K
−
ij = 0 the combination λ
ij
+ + λ
ij
− cannot appear, there arises the unnatural situation
that the matching conditions contain undetermined Lagrange multipliers. This cannot be realistic since Lagrange
multipliers are supplementary objects and additionally any physical matching conditions should be well-defined.
However for the case K−ij = ηK
+
ij the matching conditions of [22] reduce to the present matching conditions.
Without the use of Lagrange multipliers, we could also proceed with the variation of (3.1) with respect to the bulk
metric at the brane position and get
δS
∣∣
brane
=
1
2κ25
∫
Σ
d4χ
√
|h| [(Kµν+ −K+hµν) + (Kµν− −K−hµν) + κ25(T µν − λhµν)− rcGµν]δgµν
=
1
2κ25
∫
Σ
d4χ
√
|h| [(Kij+ −K+hij) + (Kij− −K−hij) + κ25(T ij − λhij)− rcGij]xµ,ixν,j δgµν (3.28)
If δgµν are independent, we take again the Israel matching conditions. If δgµν are subject to (3.3), we take the
matching conditions (3.19)-(3.21). This method is a straightforward one which convinces us about the validity of
equations (3.19)-(3.21).
Let us describe in brief, before we continue, another method for deriving the matching conditions (3.19)-(3.21). This
method was described in section II and has also been applied in [20] in the treatment of a codimension-2 brane, so it
is applicable in all codimensions. The transverse to the brane first derivative of the metric is in general discontinuous
between the two sides of the brane, and therefore, Gµν contains a distributional piece beyond the regular one, which
is distrGµν =−[(Kµν − Khµν)++(Kµν − Khµν)−]δ(y). As usually done when dealing with distributional sources,
the matching conditions are derived by integrating around the singular space. In [20] for a codimension-2 brane
the corresponding six-dimensional distributional curly terms of (3.5) were integrated over the (r, θ) transverse disc
of radius ǫ in the limit ǫ → 0. For a codimension-3 defect the appropriate integration would occur in a spherical
region (r, θ, φ) of radius ǫ in the limit ǫ→ 0. Here, the codimension-1 brane is “sandwiched” between two “parallel”
hypersurfacesH± each at a distance ǫ from the brane. The integration of the distributional curly bracket in (3.5) gives
in the limit ǫ→ 0 the first integral in the third line of (3.29). The second integral in the third line of (3.29) consists
of the usual “remnant” terms of the metric variation and the volume of integration M refers to the space between
the hypersurfaces H±. Concerning the Gibbons-Hawking term, this should not now be included in the action (3.1),
since already the correct Kµν−Khµν term is present in (3.29), so the inclusion of K would attribute a wrong factor of
two. Therefore, the fifth line of (3.5) is absent in (3.29), as well as the various Kij terms of (3.5) disappear in (3.29).
The characteristic of the absence of the Gibbons-Hawking term in this treatment of considering the distributional
terms in the action is similar to the fact that in the standard derivation of the Israel matching conditions from the
distributional Einstein equations there is no Gibbons-Hawking term. Finally, the variation (3.5) gets the alternative
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form
δ(S+Sc)
∣∣
brane
=
∫
Σ±
d4χ
√
|h| (λ˜ixµ,i+2λ˜0nµ)δnµ +
∫
Σ±
d4χ
√
|h| λ˜ijδhij +
∫
Σ
d4χ
√
|h|
[1
2
(T ij−λhij)− rc
2κ25
Gij
]
δhij
−
∫
Σ±
d4χ
√
|h| (λ˜ijxµ,ixν,j+λ˜0nµnν)δgµν
+
1
2κ25
∫
Σ±
d4χ
√
|h| (Kµν−Khµν)δgµν+ 1κ25
∫
M
d5x
√
|g| gλ[µ gκ]ν (δgµν);κλ , (3.29)
where the various coefficients λ˜’s are in general different from λ’s. Since the quantities which multiply (δgµν);κλ in
(3.29) do not have distributional pieces and the variational fields δgµν are considered as usually smooth functions,
the corresponding integral vanishes at the shrink limit and (3.29) becomes
δ(S+Sc)
∣∣
brane
=
∫
Σ±
d4χ
√
|h| (λ˜ixµ,i+2λ˜0nµ)δnµ +
∫
Σ±
d4χ
√
|h| λ˜ijδhij +
∫
Σ
d4χ
√
|h|
[1
2
(T ij−λhij)− rc
2κ25
Gij
]
δhij
−
∫
Σ±
d4χ
√
|h| (λ˜ijxµ,ixν,j+λ˜0nµnν)δgµν + 12κ25
∫
Σ±
d4χ
√
|h| (Kµν−Khµν)δgµν , (3.30)
There is another way to see why the last integral of (3.29) vanishes. This integral, being a volume integral, can be
converted to a surface integral. So, it takes the form of the second integral of the fourth line in (3.5) with the only
difference that the sign Σ± of (3.5) has to be replaced by Σ±∪H±. However, the normals nλ of the two hypersurfaces
Σ+, H+ are opposite to each other, and therefore, at the shrink limit ǫ→ 0 the quantities hµνnλ[(δgµλ);ν − (δgµν);λ]
from Σ+, H+ cancel each other (the same also happens for Σ−, H−). Continuing the process from equation (3.30)
we arrive anew to the matching conditions (3.19)-(3.21). Note that the independent bulk metric variation δgµν in the
space outsideH± gives the bulk field equations (3.2) under some boundary variational condition onH± (Newmann-like
or if the Gibbons-Hawking term is added on H± a Dirichlet one).
The general matching conditions (3.19), (3.20) do not provide the equation of motion for the defect, but only
relations on the discontinuity of the extrinsic curvature. However, imposing a relation between K+ij ,K
−
ij , an equation
of motion arises. E.g. for K−ij = ηK
+
ij , equation (3.22) is the algebraic in the extrinsic curvature equation of motion.
It is a quadratic equation in the extrinsic curvature, contrary to the Israel matching condition which is linear in
the extrinsic curvature. Equation (3.22) is the generalization of the Nambu-Goto equation of motion when the self-
gravitating brane interacts with bulk gravity. In the limiting case of no back-reaction, a probe brane with tension λ
moving in a fixed background arises. Indeed, in the probe limit, all the geometric quantities hij , Kij , Gij get their
background values when the bulk gravity coupling goes to zero (i.e. 1/κ25 → 0) and the extra brane sources vanish
(i.e. Tij → 0, rc/κ25 → 0). Then, equation (3.22) becomes hijKij = 0 which is the Nambu-Goto equation of motion.
Inversely, whenever any extra term beyond λhijKij (or all terms) appears in (3.22), (3.23) and these equations are
consistent with all the other bulk equations, then these matching conditions are meaningful back-reacted matching
conditions. In this spirit, the “smooth” matching conditions (3.26), (3.27) without extrinsic curvature discontinuity
form an unusual but interesting example. In this case, only the localized matter and four-dimensional gravity terms
participate in the brane equations of motion, and although the higher-dimensional bulk terms do not have a direct
imprint in these equations, there is still back-reaction since the bulk equations have also to be satisfied at the brane
position. These “smooth” matching conditions correspond to the Regge-Teitelboim equations of motion [23], [26]
with the crucial difference, however, that there, there are no higher-dimensional gravity terms in the action and the
bulk is prefixed (usually Minkowski). Therefore, possible difficulties discussed in [27] are irrelevant here, since they
emanate from the embeddibility restrictions in the given non-dynamical bulk space, while the matching conditions here
dynamically propagate in a non-trivial bulk space. “Smooth” matching conditions are also meaningful in codimension-
1 standard treatment [28], without of course the Kij contraction (where there is no balance of distributional terms
between the two sides of the distributional equation, but the right-hand side vanishes on its own), although there,
they lose their significance since there is no Nambu-Goto probe limit so that these matching conditions to signal a
minimal departure from that limit.
Equation (3.21) is the second matching condition and expresses a non-conservation equation of the brane energy-
momentum tensor, where the energy exchange between the brane and the bulk is due to the variability along the
brane of the extrinsic geometry. Actually, equation (3.21) arises also in the conventional treatment by differentiation
of the standard matching conditions. In the following, equation (3.21) will be written in a more convenient form (also
present in the standard approach), from where it will be seen that the non-conservation of energy is only due to a
possible non-vanishing brane-bulk energy-momentum exchange.
Having finished with the brane equations of motion arising from the distributional parts, we pass to the bulk
equations of motion. These bulk equations are also defined limitingly on the brane, and therefore, additional equations
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have to be satisfied at the brane position beyond the matching conditions. In the Gaussian-normal coordinate system
the spacetime metric takes the form
ds25 = dy
2 + gij(χ, y)dχ
idχj , (3.31)
where the braneworld metric hij(χ) = gij(χ, 0) is assumed to be regular everywhere with the possible exception of
isolated singular points. From appendix A, the 55 component of the bulk equations (3.2) at the brane position gets
the form (the index 5 refers to the extra dimension y)
KijK
ij −K2 +R = 2Λ5 − 2κ25T55 , (3.32)
which holds separately on each side of the brane. Then, the algebraic matching conditions (3.19), (3.20) are written
equivalently in the following form[
(Kij− −K−hij) + κ25(T ij − λhij)− rcGij
]
K+ij = R+ 2κ
2
5T +55 − 2Λ5 (3.33)[
(Kij+ −K+hij) + κ25(T ij − λhij)− rcGij
]
K−ij = R+ 2κ
2
5T −55 − 2Λ5 . (3.34)
Accordingly, the matching condition (3.22) for K−ij = ηK
+
ij = ηKij is written equivalently in the following simpler
form linear in the extrinsic curvature[
κ25(T
ij−λhij)− rcGij
]
Kij = (1 + η)
(
R+ 2κ25T55 − 2Λ5
)
, (3.35)
where T55 ≡ T +55 , while in particular the Z2-equation (3.24) gets the form[
κ25(T
ij−λhij)− rcGij
]
Kij = 2
(
R+ 2κ25T55 − 2Λ5
)
. (3.36)
Similarly, from appendix A, the i5 component of the bulk equations (3.2) at the brane position gets the form
Kij|j −K|jhij = κ25T i5 , (3.37)
which holds separately on each side of the brane. Then, the non-conservation equation (3.21) gets a simpler form
T ij|j = −
(T i5+ + T i5− ) , (3.38)
which expresses the non-conservation of the brane energy-momentum due to the flux of energy-momentum from the
two sides of the brane. Accordingly, equation (3.23) is written as
T ij|j = −(1 + η)T i5 , (3.39)
where T i5 ≡ T i5+ , while in particular the Z2-equation (3.25) gets the form
T ij|j = −2T i5 . (3.40)
Therefore, for the case that the extrinsic curvatures on the two sides of the brane are linearly related, the system
of equations which have to be satisfied on the brane consists of equations (3.22) (or equivalently (3.35)), (3.23) (or
equivalently (3.39)), (3.32) and (3.37). What remain to be satisfied on the brane are the ij bulk equations which
however contain beyond hij ,Kij also ∂yKij , so they are decoupled from the other equations. The previous system of
equations for Kij forms a set of 6 algebraic-differential equations for the 10 independent components of Kij , therefore,
the brane-bulk system is always consistent. In the next sections, we are going to study the full system of brane-bulk
equations for the case of cosmology, therefore the brane evolution and the dynamical bulk space will be found. After
the brane geometry is determined, the brane data will be used as initial data to determine the evolution of the bulk
geometry. Concerning this point, the main difference with [22] is that there, although the brane evolution is also
back-reacted, however, the bulk was assumed from the beginning to be the AdS5 space.
IV. CODIMENSION-1 BRANE COSMOLOGY WITH Z2-SYMMETRY
We focus on the Z2-symmetric case and consider that the only bulk energy-momentum content consists of a pure
cosmological constant Λ. We rewrite the matching conditions (3.24), (3.25)[
Kij −Khij + 1
4M3
(T ij − V hij)− m
2
2M3
Gij
]
Kij = 0 (4.1)
T ij|j = −4M3
(
Kij −Khij)|j , (4.2)
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or the equivalent equations (3.36), (3.40)(
T ij − V hij − 2m2Gij)Kij = 4(M3R− Λ) (4.3)
T ij|j = 0 . (4.4)
In order to search for cosmological solutions we consider the corresponding form for the bulk metric in the Gaussian-
normal coordinates
ds25 = dy
2 − n2(t, y)dt2 + a2(t, y) γiˆjˆ(χℓˆ)dχiˆdχjˆ , (4.5)
where γiˆjˆ is a maximally symmetric 3-dimensional metric (ˆi, jˆ, ... = 1, 2, 3) characterized by its spatial curvature
k = −1, 0, 1. The energy-momentum tensor on the brane (beyond that of the brane tension V > 0) is assumed to be
the one of a perfect cosmic fluid with energy density ρ and pressure p.
It is convenient to define the quantities
A =
a′
a
, N =
n′
n
(4.6)
X = H2 +
k
a2
, Y =
H˙
n
+H2 =
X˙
2nH
+X , H =
a˙
na
, (4.7)
where a prime denotes ∂/∂y and a dot denotes ∂/∂t. The cosmic scale factor, lapse function and Hubble parameter
arise as the restrictions on the brane of the functions a(t, y), n(t, y) and H(t, y) respectively. Other quantities also
have their corresponding values when restricted on the brane, and since all the following equations in this section will
refer to the brane position, we will use the same symbols for the restricted quantities without confusion.
The 05 bulk equation (3.37) at the position of the brane becomes
A˙+ nH(A−N) = 0 , (4.8)
while the 55 bulk equation (3.32) becomes
A(A+N)− (X + Y ) + Λ
6M3
= 0 . (4.9)
Equation (4.3) is linear in A,N , and the system (4.3), (4.9) could be algebraically solved for A,N in terms of X,Y and
replaced into equation (4.8). However, the arising equation would contain H¨ and the difficulty for integrating such an
equation would increase considerably. Hopefully, we can do better because A can be integrated from equations (4.8),
(4.9). Indeed, eliminating N between equations (4.8), (4.9) we obtain the equation
(A2)

+ 4nHA2 − 2nH
(
X + Y − Λ
6M3
)
= 0 , (4.10)
and since X + Y = (Xa4)

/(2nHa4), equation (4.10) becomes a total derivative
(
A2a4 −Xa4 + Λ
12M3
a4
)
= 0 . (4.11)
The integration of (4.11) gives the equation
A2 −X + Λ
12M3
+
C
a4
= 0 (4.12)
(C is integration constant), with two branches for A
A = ±
√
X − C
a4
− Λ
12M3
. (4.13)
Since G00 = −3X , Giˆjˆ = −(X + 2Y )δiˆjˆ , the matching condition (4.3) becomes
3
[
p− V + 2m2(X + 2Y )]A− (ρ+ V − 6m2X)N = 24M3(X + Y )− 4Λ , (4.14)
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from which the quantity N could also be found. Combining equations (4.9), (4.14) to eliminate N , we obtain the
following algebraic equation for A
(
ρ+ 3p− 2V + 12m2Y )A2 − 4[6M3(X + Y )− Λ]A− (ρ+ V − 6m2X)(X + Y − Λ
6M3
)
= 0 . (4.15)
Substituting A from (4.13) in (4.15), we obtain the final Raychaudhuri equation for the brane cosmology
(ρ+ 3p− 2V
4M3
+
3m2
M3
Y
)(
X − C
a4
− Λ
12M3
)
=
(
X + Y − Λ
6M3
)(ρ+ V
4M3
− 3m
2
2M3
X ± 6
√
X − C
a4
− Λ
12M3
)
. (4.16)
This equation contains one integration constant, and therefore is distinct from the corresponding equation of [22],
where there is no integration constant present. In the following, we are going to ignore the four-dimensional Einstein
term [24] and set m = 0, because in this case we were able to integrate equation (4.16). However, before doing so,
we can study the limiting case where the 5-dimensional gravity vanishes and only the 4-dimensional one is present
(this corresponds to the Regge-Teitelboim equation of motion [23], but with the difference that now the bulk is not
prefixed). Therefore, setting M = 0 with m 6= 0, Λ 6= 0 in equation (4.16) we get
H˙
n
+ 2H2 +
k
a2
=
ρ− 3p+ 4V
12m2
. (4.17)
For a single component perfect fluid with p = wρ, its conservation equation (4.4) takes the standard form
ρ˙+ 3nH(ρ+ p) = 0 (4.18)
and (4.17) is integrated to
H2 +
k
a2
=
V
6m2
+
ρ
6m2
+
C1
a4
, (4.19)
where C1 is integration constant. This is the standard FRW solution with cosmological constant, but with an extra
dark radiation term.
From now on, we set m = 0 and equation (4.16) is written as
H˙
n
+ 2H2 +
k
a2
− Λ
6M3
=
ρ+ 3p− 2V
4M3
(
H2 +
k
a2
− C
a4
− Λ
12M3
)[ρ+ V
4M3
± 6
√
H2 +
k
a2
− C
a4
− Λ
12M3
]−1
. (4.20)
It is seen from (4.20) that for C = k = ρ = p = 0, the lower branch contains as solution the Minkowski brane under
the assumption of the Randall-Sundrum fine-tuning Λ + V 2/(12M3) = 0 [29]. We will not assume this condition in
our analysis, so in the absence of matter our cosmology may have a de-Sitter vacuum. It is assumed that the quantity
inside the square root in equation (4.20) is positive.
Equation (4.20), although pretty complicated, it can be integrated. We consider a single component perfect fluid
with p = wρ and its conservation equation (4.4) takes the standard form (4.18). We can show that for Λ 6= 0 the
variable
Ξ =
1
2
ln
[12M3
|Λ|
(
H2 +
k
a2
− C
a4
− Λ
12M3
)]
(4.21)
obeys the differential equation
dΞ
dρ˜
=
1
3(1+w)(ρ˜− V˜ )
[
2− (1+3w)ρ˜− 3(1+w)V˜
ρ˜± 6eΞ
]
, (4.22)
where
ρ˜ =
√
12M3
|Λ|
ρ+ V
4M3
=
ρ+ V
ρ∗
, V˜ =
V
ρ∗
, ρ∗ = 4M3
√
|Λ|
12M3
. (4.23)
Note that the Randall-Sundrum fine-tuning corresponds to the value V˜ = 3. Finally, changing to the variable
Φ = (ρ˜± 6eΞ)2 , (4.24)
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we get, after some cancelations, a linear differential equation
dΦ
dρ˜
− 4
3(1+w)(ρ˜− V˜ )Φ = 2ρ˜
(1+3w)ρ˜− 3(1+w)V˜
3(1+w)(ρ˜− V˜ ) , (4.25)
with general solution
Φ =
( ρ
ρ∗
+ V˜
)2
+ c
( ρ
ρ∗
) 4
3(1+w)
, (4.26)
where c is integration constant. For c < 0, due to that Φ > 0, there are some restrictions on the allowed values of ρ.
From the definition (4.24) we can find that
ρ˜± 24M
3
ρ∗
√
H2 +
k
a2
− C
a4
− Λ
12M3
= ǫ
√
Φ . (4.27)
In this equation the sign index ǫ = +1 or −1 has been used to denote a new different bifurcation from the previous
± branches. It is seen from (4.27) that the sign ǫ = −1 is only consistent with the lower ± branch, while the sign
ǫ = +1 is consistent with both ± branches. The distinction, however, introduced by the sign index ± will be lost in
the following expressions for the expansion rate and the acceleration parameter and only the sign ǫ will distinguish
the two branches of solutions.
The expansion rate of the new cosmology for Λ 6= 0 arises by squaring equation (4.27) and is given by
H2 +
k
a2
− C
a4
=
( ρ∗
24M3
)2{[ ρ
ρ∗
+ V˜ − ǫ
√( ρ
ρ∗
+ V˜
)2
+ c
( ρ
ρ∗
) 4
3(1+w)
]2
+ 36 sgn(Λ)
}
, (4.28)
where sgn(Λ) is the sign of Λ. The positiveness of the quantity inside the square root of equation (4.20) is now always
assured. The solution (4.28) contains two integrations constants. The first constant C is associated with the usual
dark radiation term reflecting the non-vanishing bulk Weyl tensor. The second constant c is the new feature that
does not appear in the cosmology of the standard matching conditions [30] and signals new characteristics in the
cosmic evolution. Setting c = 0 in the branch ǫ = −1 we obtain the cosmology of the standard matching conditions
H2+ ka2 − Ca4 =
(
ρ+V
12M3
)2
+ Λ12M3 . Of course, there is always the extra integration constant from the integration of the
conservation equation (4.18) for ρ which is adjusted by the today matter content. We will see that c will be accounted
for this today matter content (or equivalently the today dark energy content). The solution also contains three free
parameters M , Λ, V or M , ρ∗, V˜ .
For Λ = 0 the variable
Ξ¯ =
1
2
ln
[16M6
V 2
(
H2 +
k
a2
− C
a4
)]
(4.29)
obeys the differential equation
dΞ¯
dρ¯
=
1
3(1+w)(ρ¯− 1)
[
2− (1+3w)ρ¯− 3(1+w)
ρ¯± 6eΞ¯
]
, (4.30)
where
ρ¯ =
ρ
V
+ 1 . (4.31)
Defining
Φ¯ = (ρ¯± 6eΞ¯)2 , (4.32)
we get the equation
dΦ¯
dρ¯
− 4
3(1+w)(ρ¯− 1)Φ¯ = 2ρ¯
(1+3w)ρ¯− 3(1+w)
3(1+w)(ρ¯− 1) , (4.33)
with general solution
Φ¯ =
( ρ
V
+ 1
)2
+ c¯
( ρ
V
) 4
3(1+w)
, (4.34)
where c¯ is integration constant. Finally, the expansion rate for Λ = 0 is
H2 +
k
a2
− C
a4
=
( V
24M3
)2 [ ρ
V
+ 1− ǫ
√( ρ
V
+ 1
)2
+ c¯
( ρ
V
) 4
3(1+w)
]2
. (4.35)
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V. BULK SOLUTION
Equations (4.8)-(4.11) are not only valid on the brane, but also in the bulk. The 00 bulk equation (3.2) is written
as
A′ + 2A2 −X + Λ
6M3
= 0. (5.1)
From equation (4.8) we get H ′ = −HA, X ′ = −2XA and using (5.1) we obtain(
A2a4 −Xa4 + Λ
12M3
a4
)′
= 0 . (5.2)
From (4.11), (5.2), we obtain the integral (4.12), but now valid everywhere in the bulk, with C integration constant.
Finally, the spatial iˆjˆ bulk equations (3.2) consist of only one equation
2A′ +N ′ + 3A2 +N2 + 2AN −X − 2Y + Λ
2M3
= 0 . (5.3)
From (4.8) we get 1nH˙
′ = H2(2A−N)−AY , Y ′ = −(A+N)Y . Then, differentiating (4.9) with respect to y and using
(5.1) we get an equation for N ′
AN ′ = (2A+N)
(
2A2 −X + Λ
6M3
)
− 2AX − (A+N)Y . (5.4)
Substituting equations (5.1), (5.4) into (5.3) and using (4.9), equation (5.3) becomes identically satisfied.
Equation (4.8) is also written as ( a˙
n
)′
= 0 , (5.5)
which is integrated to
a˙ = f(t)n , (5.6)
where f(t) is an arbitrary function of time. Adopting the cosmic time on the brane n(t, 0) = 1 we have f(t) = a˙0,
where we adopt temporarily in this section the notation that a0 denotes the brane scale factor. It is
n(t, y) =
a˙(t, y)
a˙0(t)
. (5.7)
Using (5.7), equation (5.2) becomes
(a2)′′ +
Λ
3M3
a2 = g(t) , (5.8)
where g(t) = 2(a˙20 + k). The solution of (5.8) is
a2(t, y) =
{A1 cosh (µy) +A2 sinh (µy)− 2µ−2a20X , Λ < 0
B1 cos (µy) + B2 sin (µy) + 2µ−2a20X , Λ > 0
a20Xy
2 +D2y +D1 , Λ = 0
, µ =
√
|Λ|
3M3
, (5.9)
where X is given by the brane expansion rate (4.28), (4.35) and A1,A2,B1,B2,D1,D2 are functions of time t. This
solution corresponds to the right hand side of the brane. Due to the Z2−symmetry, the solution on the left hand
side arises by the substitution A2 → −A2, B2 → −B2, D2 → −D2. Solution (5.9) gives for y = 0 the coefficients
A1 = a20(1 + 2µ−2X), B1 = a20(1 − 2µ−2X), D1 = a20. The remaining coefficients are found by differentiating (5.9)
with respect to y at the brane position giving A2 = B2 = 2µ−1a20A, D2 = 2a20A, where the brane value A is given by
(4.13) in terms of X . Finally, we write the bulk solution as
a2(t, y)
a2(t, 0)
=
{
(1+2µ−2X) cosh (µy) + 2µ−1A sinh (µy)− 2µ−2X , Λ < 0
(1−2µ−2X) cos (µy) + 2µ−1A sin (µy) + 2µ−2X , Λ > 0
Xy2 + 2Ay + 1 , Λ = 0
, µ =
√
|Λ|
3M3
, (5.10)
where X(t) and A(t) are given by (4.28), (4.35) and (4.13) respectively. We note that the cosmological solution (4.28)
we have derived is quite different than the solution found in [22], where the domain wall was assumed to move in a
5-dimensional AdS space. This mismatch shows that the bulk space described by the solution (5.10) is not AdS, but
reduces to AdS for the particular choice of the integration constant c = 0.
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VI. INVESTIGATION OF THE COSMOLOGY
We will focus in the following in the case of a negative bulk cosmological constant, Λ < 0, which involves the
situation with Λ being a small deformation from the Randall-Sundrum value. The scale factor for the branch ǫ = −1
with V˜ < 3 is bounded from above, and the same happens for the branch ǫ = +1 with any value of V˜ . However, the
branch ǫ = −1 with V˜ ≥ 3 possesses the late-times asymptotic linearized regime with a positive effective cosmological
constant
H2 +
k
a2
− C
a4
≈ 2γρ+ Λeff
3
, (6.1)
where
γ =
4πGN
3
=
V
144M6
(6.2)
Λeff = 3
( ρ∗
4M3
)2 ( V˜ 2
9
− 1
)
=
1
4M3
(
Λ +
V 2
12M3
)
. (6.3)
The identification of Newton’s constant GN with parameters of the theory reduces the number of free parameters
from three to two.
At early times, the dominant behaviour for the branch ǫ = −1 is H2 + ka2 − Ca4 ≈ ( ρ12M3 )2, while for ǫ = +1 it is
H2 + ka2 − Ca4 ≈ constant (which may help to inflation).
In the temporal gauge choice of the brane n(t, 0) = 1 (cosmic time on the brane), the acceleration-deceleration eras
during the cosmic evolution are studied by evaluating the quantity a¨/a = H˙ +H2. From equations (4.20), (4.27) we
obtain
a¨
a
=
(ρ+ 3p− 2V
ǫρ∗
√
Φ
− 1
)(ρ+ V − ǫρ∗√Φ
24M3
)2
+
Λ
12M3
− C
a4
, (6.4)
where Φ is given by (4.26). Note that for ǫ = −1, the late-times behaviour ρ → 0 of equation (6.4) is a¨/a →
(ρ∗/4M3)2 (V˜ 2/9− 1), which is positive for V˜ > 3.
It is convenient for the investigation of the cosmological behaviour, instead of using the parameter ρ, to express the
expansion rate and the acceleration in terms of the parameter
y =
ρ
ρo
= (1 + z)3(1+w) , (6.5)
where a subscript o characterizes present values. Today epoch corresponds to y = 1 and past to y > 1. The redshift
is denoted as usually by z. Then, equations (4.28), (6.4) become
H2 +
k
a2
− C
a4
=
( ρ∗V˜
24M3
)2 [(
1 +
xo
V˜
y− ǫ√ϕ
)2
− 36
V˜ 2
]
, (6.6)
a¨
a
=
( ρ∗V˜
24M3
)2{[(1+3w)(1 + xo
V˜
y)− 3(1+w)
ǫ
√
ϕ
− 1
](
1 +
xo
V˜
y− ǫ√ϕ
)2
− 36
V˜ 2
}
− C
a4
, (6.7)
where
ϕ =
Φ
V˜ 2
=
(
1 +
xo
V˜
y
)2
+
cx
4/3
o
V˜ 2
( y
xwo
) 4
3(1+w)
, xo =
ρo
ρ∗
. (6.8)
For c < 0, due to that ϕ > 0, there are some restrictions on the allowed values of y.
The age of the universe to can also be expressed in terms of the parameter y. Considering that the main contribution
in to comes from the dust era, we have the approximation
to ≈ 1
3
∫ ∞
1
dy
yH(y)
. (6.9)
We will restrict our attention to the study of the more reasonable branch ǫ = −1 which possesses the late-times
linearized LFRW regime. In the following we provide a more detailed analysis of the phenomenological consequences
of this cosmology. The branch ǫ = +1 is not necessarily precluded, but along with a proper dark energy/vacuum
content [31], may meet recent observations of the early epoch or of late times.
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A. Branch ǫ = −1
Equation (6.1), beyond the linear term, possesses a series of extra terms which become significant away from the
asymptotic regime. These extra terms consist the dark energy contribution, while the linear term consists the matter
contribution observed today. Therefore, the existence of the linear term in the full expansion assures for V˜ ≥ 3 the
relation (6.2) between the parameters of the theory and Newton’s constant. This relation reduces the number of free
parameters by one and makes our analytical estimates relatively easier. In the following analysis we will consider this
case V˜ ≥ 3.
Every contribution in the expansion rate (4.28) can be parameterized by normalized variables
Ωm +ΩDE +Ωk +ΩC = 1 , (6.10)
where the matter contribution is
Ωm =
2γρ
H2
, (6.11)
the dark energy component is
ΩDE =
( ρ∗
24M3
)2 1
H2
{[
ρ
ρ∗
+ V˜ +
√( ρ
ρ∗
+ V˜
)2
+ c
( ρ
ρ∗
) 4
3(1+w)
]2
− 36− 8V˜ ρ
ρ∗
}
, (6.12)
while the topology contribution and the dark radiation portion are
Ωk = − k
a2H2
, ΩC =
C
a4H2
. (6.13)
In order for the energy density of dark radiation ρC = C2γa4 not to violate the nucleosynthesis constraints it should be
−1.23 ≤ ρCρr ≤ 0.11 [32], where ρr is the energy density of the radiation component. Since ρr is insignificant today, ρC
is also insignificant today. Therefore, the term C/a4 can be neglected (at least for a relatively recent epoch).
Note also that
xo
V˜
=
Ωm,o
2
( Ho
12M3γ
)2
≡ η ≈ 2× 10−30[M(TeV)]−6 . (6.14)
Equation (6.6) becomes
1
(6M3γ)2
(
H2 +
k
a2
− C
a4
)
=
(
1 +
√
ϕ+ η y
)2 − 36
V˜ 2
, (6.15)
where
ϕ =
(
1 + ηy
)2
+
cx
4/3
o
V˜ 2
( y
xwo
) 4
3(1+w)
. (6.16)
From equation (6.12) it is seen that the integration constant c can be adjusted to get the measured dark energy
component and this is the main difference of the current cosmological model compared to the cosmology of the
standard matching conditions. Combining the present values of equations (6.11), (6.12) we get the equation[
V˜ + xo +
√(
V˜ + xo
)2
+ c x
4/3
o
]2
= 4
(
9 + 2ωoV˜ xo
)
, ωo = 1+
ΩDE,o
Ωm,o
, (6.17)
which can be solved for c in terms of the parameters
c x4/3o = 4
√
9 + 2ωoV˜ xo
[√
9 + 2ωoV˜ xo −
(
V˜ + xo
)]
. (6.18)
From equations (6.17), (6.18) it arises that the parameters have to satisfy the constraint (V˜ + xo)
2 < 4(9 + 2ωoV˜ xo),
or equivalently due to (6.14), V˜ < 6 + 6
(
4ωo−1
)
η. Therefore, xo . 6η, i.e. xo . 10
−29[M(TeV)]−6. Additionally,
since V˜ xo . 36η, the quantity cx
4/3
o in (6.18) can be approximated by
1
12
c x4/3o ≈ 3− V˜ +
(ωo
3
V˜ − 1
)
V˜ η , (6.19)
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and set into (6.16). Therefore, c is accounted for the today matter content Ωm,o and the today dark energy content
ΩDE,o (which are approximately known).
We are now in position to capture the basic cosmological characteristics.
Dust era (w = 0): Equation (6.7), neglecting the dark radiation, becomes
1
(6M3γ)2
a¨
a
=
1√
ϕ
(
2−√ϕ− η y)(1 +√ϕ+ η y)2 − 36
V˜ 2
, (6.20)
where
ϕ = (1 + η y)2 +
cx
4/3
o
V˜ 2
y4/3 . (6.21)
We finally observe that equations (6.15), (6.20) contain only the two free parameters V˜ , M and the flatness value
Ωm,o .
To continue our analysis we discern the following possible cases:
• V˜ −3 >> η and 6− V˜ >> √η. This case means that V˜ is between the values 3 and 6 but not extremely close to 3 or
6. Then, cx
4/3
o ≈ −12(V˜ − 3), ϕo ≈
(
6
V˜
− 1)2, 1(6M3γ)2 a¨a|o≈ 144V˜ 2 V˜−36−V˜ > 0. For ηy << 1, i.e. z << 1010[M(TeV)]2, it is
ϕ ≈ 1−12 V˜−3
V˜ 2
y4/3 ≈ 1−12 V˜−3
V˜ 2
(1+z)4 and the requirement ϕ > 0 means z < ( 112
V˜ 2
V˜−3 )
1/4−1. Therefore, except if V˜
is very close to the value 3, the values of z are restricted close to 0. Furthermore, 1(6M3γ)2
a¨
a ≈ 2√ϕ −ϕ− 1+4(1− 9V˜ 2 ),
which is permanently positive giving always acceleration. So, these values of V˜ are not particularly interesting for the
dust era of the universe.
• V˜ = 6 + v, where |v| . O(√η). This case means that V˜ is extremely close to the value 6 from above or from
below. It is cx
4/3
o /12 ≈ −3 − v + 6(2ωo − 1)η, ϕo ≈ 4ωoη + v29 , 1(6M3γ)2 a¨a |o≈ 6√36ωoη+v2 > 0. For ηy
4/3 << 1, i.e.
z << 107[M(TeV)]3/2, it is ϕ ≈ 1− y4/3+2ηy+ 2(2ωo− 1)ηy4/3+ v29 y4/3. Therefore, not only the today acceleration
is huge, but in order to be ϕ > 0, y must be very close to 1, which means that practically there is not past. So, these
values of V˜ do not have particular significance.
• V˜ = 3 + v, where v = 34ϑω∼oη, 12 < ϑ < 1 − 2ω
∼o
, ω
∼
o = 2
(
2ωo − 1
)
= 2
(
1 + 2
ΩDE,o
Ωm,o
)
. It is indeed 1 − 2ω
∼o
> 12 if
ΩDE,o > 2Ωm,o. This case corresponds to an extreme fine-tuning close to the Randall-Sundrum value V˜ = 3, which,
however, possesses interesting phenomenological implications. For the typical values Ωm,o = 0.3, ΩDE,o = 0.7, we get
1/2 < ϑ . 0.82. It is cx
4/3
o ≈ 9
[
(1 − ϑ)ω
∼
o − 2
]
η, ϕo ≈ 1 + (1−ϑ)ω
∼
oη and
1
(6M3γ)2
a¨
a |o≈ 2(2ϑ−1)ω∼oη > 0, therefore
we get acceleration today. For ηy4/3 << 1, i.e. z << 107[M(TeV)]3/2, it is ϕ ≈ 1 + 2ηy + 2( 1−ϑ2 ω∼o−1)ηy4/3 > 0
and 14(6M3γ)2
a¨
a ≈
[
ϑ
2ω∼o − y −
(
1−ϑ
2 ω∼o−1
)
y4/3
]
η. Obviously, for y → +∞, it is a¨a → −∞. Therefore, we have in the
past a long deceleration era resulting to a small acceleration today [33], [34], [35]. For the previous values of Ωm,o,
ΩDE,o the passage from deceleration to acceleration occurs, e.g. at redshift zp = 0.55 for ϑ = 0.8, or zp = 0.28 for
ϑ = 0.7, or zp = 0.12 for ϑ = 0.6, or zp = 0.01 for ϑ = 0.51 (for the ΛCDM model the corresponding passage occurs
at redshift zp = 0.67). The Hubble parameter is found to be
1
(12M3γ)2
(
H2+ ka2 − Ca4
) ≈ [ϑ2ω∼o+2y+ ( 1−ϑ2 ω∼o−1)y4/3]η
and the right-hand side is always positive. The age of the universe for k = C = 0 is given by the expression
to ≈
√
2
3Ho
√
Ωm,o
∫∞
1
dy
y
{
ϑ
2ω∼o + 2y +
(
1−ϑ
2 ω∼o−1
)
y4/3
}−1/2
, which e.g. for ϑ = 0.8, Ωm,o = 0.3 gives to =
8.9
h Gyr, which
is 12.7Gyr assuming h = 0.7 (for the ΛCDM model with the same Ωm,o, the corresponding to = 13.5Gyr). The
dimensionless age parameter Hoto as a function of ϑ is given in Fig. 1 for various values of Ωm,o in order to show the
sensitivity on this parameter. The inclusion of the radiation component or the mirage radiation is expected to affect
the age very slightly. Of course, an analysis of the model based on the fittings to the real data (BBN, Supernovae,
CMB, BAO) would provide the optimum values of Ωm,o, V˜ (i.e. ϑ) and therefore the values of to, zp. We note that
the normalization to the present value of the Hubble parameter Ho has left only one essential free parameter, ϑ, or
to say it differently the parameter M has been traded for Ho (of course, there is also Ωm,o, but this is basically the
integration constant of the conservation equation).
The next thing to be found for the matter era is the equation of state for the dark energy. From equations (4.20),
(4.28) we can find the following equation in terms of the variable y
2H˙ + 3H2 = −(6M3γ)2
[ 1√
ϕ
(
√
ϕ+ 2ηy− 4)(√ϕ+ ηy + 1)2 + 108
V˜ 2
]
− k
a2
− C
a4
. (6.22)
Comparing equation (6.22) with the usual FRW equation 2H˙ + 3H2 = −8πGN(p + pDE) − ka2 , we can define an
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effective dark energy pressure pDE (C/a4 is ignored)
1
6M6γ
pDE =
1√
ϕ
(
√
ϕ+ 2ηy− 4)(√ϕ+ ηy + 1)2 + 108
V˜ 2
, (6.23)
while from (6.12) and the usual FRW equation H2 + ka2 =
8πGN
3 (ρ+ ρDE), we get the effective dark energy density
ρDE
1
18M6γ
ρDE =
(√
ϕ+ ηy + 1
)2 − 8ηy− 36
V˜ 2
. (6.24)
Therefore, in the scenario at hand the dark energy equation of state wDE =
pDE
ρDE
is given by
wDE =
1
3
√
ϕ
(
√
ϕ+ 2ηy− 4)(√ϕ+ ηy + 1)2 + 108
V˜ 2
√
ϕ(√
ϕ+ ηy + 1
)2 − 8ηy− 36
V˜ 2
. (6.25)
For the fine-tuned case V˜ = 3 + v and z << 107[M(TeV)]3/2, we obtain the expression
wDE(z) ≈ 1
3
[(1−ϑ)ω
∼
o−2](1 + z)4 − 3ϑω
∼
o
[(1−ϑ)ω
∼
o−2](1 + z)4 + ϑω
∼
o
. (6.26)
Then, the today value is wDE,o ≈ 13 − 43ϑ
(
1 − 2ω
∼o
)−1
> −1. For ϑ tending to the maximum value 1 − 2ω
∼o
, it is
wDE,o → −1. E.g. for ϑ = 0.8, Ωm,o = 0.3, it is wDE,o ≈ −0.96. The function wDE(z) for ϑ = 0.8 is shown in Fig. 2
for various values of Ωm,o. In the far future where z → −1, the function wDE(z) always approaches the value −1 which
corresponds to the cosmological constant, as expected from equation (6.1). Note that the effective dark energy density
and pressure are written as ρDE ≈ 36M6γη
{
[(1−ϑ)ω
∼
o − 2]y4/3+ϑω
∼
o
}
, pDE ≈ 12M6γη
{
[(1−ϑ)ω
∼
o − 2]y4/3−3ϑω
∼
o
}
,
and therefore, these components satisfy the weak and dominant energy conditions, while the strong energy condition
is violated for y4/3 < ϑω
∼
o/[(1−ϑ)ω
∼
o − 2].
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FIG. 1 : Dimensionless age parameter Hoto as a
function of ϑ for some selected values of Ωm,o. The
dotted line corresponds to Ωm,o = 0.1, the continuous
to 0.3 and the dashed to 0.4
FIG. 2: Dark energy equation of state wDE as a
function of z for ϑ = 0.8 for some selected values of
Ωm,o. The dotted line corresponds to Ωm,o = 0.1,
the continuous to 0.3 and the dashed to 0.32
Let us discuss in brief the situation of the standard matching conditions. Equations (6.15), (6.20) are replaced
by 1(6M3γ)2
(
H2 + ka2 − Ca4
)
= 4(1 + η y)2 − 36
V˜ 2
, 1(6M3γ)2
a¨
a = 4(1 − 9V˜ 2 )−4ηy(1 + 2ηy) which still contain the two
parameters V˜ ,M and Ωm,o. However, to incorporate the flatness values Ωm,o,ΩDE,o in these standard equations,
the relation
ΩDE,o
Ωm,o
= 12η
(
1 − 9
V˜ 2
+ η2
)
must be satisfied, which means that one of the two parameters is constrained
by V˜ ≈ 3 + 3ΩDE,oΩm,o η, and finally only one parameter remains free. This value of V˜ means that the standard
matching conditions correspond to the limiting value ϑ = 1 − 2ω
∼o
. If ηy << 1, we find for the standard equations
1
(6M3γ)2
(
H2+ ka2 − Ca4
) ≈ 8(ΩDE,oΩm,o + y)η, 1(6M3γ)2 a¨a ≈ 4(2ΩDE,oΩm,o − y)η. These mean that the characteristic quadratic
energy density term is insignificant at least for a recent era and this cosmology coincides with the ΛCDM one in a recent
era. Indeed, today it provides acceleration with a passage from deceleration to acceleration at zp ≈ 0.67 for Ωm,o = 0.3,
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while the age of the universe (for k = C = 0, Ωm,o = 0.3) is found to be to ≈ 1
3Ho
√
Ωm,o
∫∞
1
dy
y (
ΩDE,o
Ωm,o
+ y)−1/2 ≈
13.5Gyr. From equation (6.25) setting
√
ϕ = 1+ ηy, or from equation (6.26) setting the above value of ϑ, it is found
that wDE = −1, i.e. the exact cosmological constant. In this standard picture there is no essential free parameter left
due to the constraint from the observed Hubble constant Ho (Ωm,o is still as always free, but approximately known).
As a result, the proposed cosmology, compared to the standard one, possesses more freedom in accommodating the
observed characteristics of the universe, e.g. age of the universe, recent passage from deceleration to acceleration,
time variability of the dark energy equation of state, etc.
Radiation era (w = 1/3): Equation (6.7) becomes
1
(6M3γ)2
a¨
a
=
1√
ϕ
(
2−√ϕ− 2η y)(1 +√ϕ+ η y)2 − 36
V˜ 2
− 1
(6M3γ)2
C
a4
, (6.27)
where the constant C now cannot be ignored at early times, and
ϕ = (1 + η y)2 +
cx
4/3
o
η1/3V˜ 7/3
y . (6.28)
We will discuss the fine-tuned case V˜ = 3+ v, where it is important to note that the same parameters which gave the
late-times evolution will be used also for the early-times behaviour. So, the value of cx
4/3
o found at late times will be
used also here. This way, we will have a unified, all-times cosmology. For ηy3/2 >> 1, i.e. z >> 105M(TeV), it is ϕ ≈
(ηy)2+ 13√3 [(1−ϑ)ω∼o−2]η2/3y. More precisely, for 105M(TeV)<<z<<1010[M(TeV)]2 it is ϕ ≈
1
3√3 [(1−ϑ)ω∼o−2]η2/3y
and a¨a ≈ −(6M3γ)2ϕ − Ca4 ≈ − 13√3 (6M3γ)2[(1 − ϑ)ω∼o − 2]η2/3z4 − Cz4; for z ∼ 1010[M(TeV)]2 both terms are
significant in (6.28) and a¨a ≈ − (6M
3γ)2√
ϕ (
√
ϕ + 2ηy)(
√
ϕ + ηy)2 − Ca4 ; for z >> 1010[M(TeV)]2 it is ϕ ≈ (ηy)2 and
a¨
a ≈ −12(6M3γ)2ϕ− Ca4 ≈ −12(6M3γ)2η2z8−Cz4. This last case is the most interesting one since it can encapsulate
an inflationary accelerating period, where for temperature of inflation Tinf ∼ 1TeV it is zinf ≈ TinfTo ∼ 1016 (these
refer to the end of inflation), while for Tinf ∼MPl it is zinf ∼ 1029. It is obvious that initially the dominant power in
the acceleration expression is z8, which has negative sign, therefore the universe starts with deceleration. However, if
C < 0, the universe necessarily enters an accelerating phase during the evolution. To make a more precise estimate, if
zent denotes the entrance into the accelerating phase, it is |C| ≈ 12(6M3γ)2η2z4ent ≈ 10−120[M(TeV)]−6z4entTeV2. If
the accelerated phase is to be interpreted as the inflationary era, the redshift zent should be several orders of magnitude
larger than zinf . Since the maximum acceleration occurs at redshift zmax = 2
−1/4zent, the value of this maximum
acceleration is a¨a |max = 3(6M3γ)2η2z8ent and its ratio to the today acceleration is a¨a |max/ a¨a |o ∼ ηz8ent. This ratio
is various decades of order of magnitude bigger than 1, which means that the early acceleration is huge compared
to the today tiny value. Although this is interesting, there is a caveat. Since H2o ≈ 10−90h2TeV2, for zent >>
107.5[M(TeV)]1.5 it arises |C| >> H2o . On the other hand, from equation (6.10) it is H2 + ka2 = 8πGN3 (ρ+ ρDE + ρC),
where the energy density of dark radiation is ρC = 3C8πGNa4 . In order not to violate the nucleosynthesis bounds it
should be −1.23 ≤ ρCρr ≤ 0.11 [32], where ρr is the energy density of the radiation component. Since ρr =
3Ωr,oH
2
o
8πGNa4
,
we get −1.23 ≤ CΩr,oH2o ≤ 0.11, which means that |C| < H
2
o . Therefore, there is a contradiction. Although a sufficient
negative value of C leads to a large early-times acceleration, in order for this phase to be interpreted as inflation the
value of C should violate the nucleosynthesis constraints.
Other values of V˜ , different than V˜ = 3 + v, may also be interesting for providing a geometric origin inflationary
period in the early cosmic era, but this investigation is beyond the scope of the present study. For example, assuming
a varying tension in the early universe, it might be possible to unify a large value of V˜ in the inflationary period with
the above fine-tuned value of V˜ which provides a solution to the dark energy problem. The physical motivation behind
this dependence of the brane tension can be ideas inspired by the temperature dependence of the fluid membrane
tension, cosmological phase transitions that modify brane tension, brane-bulk energy exchange, or particle creation
on the brane [36]. A hybrid type of inflation could be used with the varying tension being the “field” that produces
the exponential expansion while an extra scalar field could cause the end of inflation and reheating.
VII. CONCLUSIONS
In this paper, we continue the investigation of a recent proposal [20] on alternative matching conditions for self-
gravitating branes. The bulk metric is assumed to be regular at the brane position, as e.g. happens in the braneworld
scenario. While an equation of the general form bulk gravity tensor equals some smooth matter content or some matter
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content of a “thick” brane is certainly correct, we claim that it cannot be correct in the shrink limit of distributional
branes. A different treatment of the delta function characterizing the defect is needed for extracting its equation of
motion. If this is so, the Israel matching conditions, as well as their generalizations where the bulk gravity tensor
instead of Einstein is replaced by Lovelock extensions and the branes have differing codimensions, may be physically
inadequate.
Our reasoning is based on two points: First, the incapability of the conventional matching conditions to accept the
Nambu-Goto probe limit. Even the geodesic limit of the Israel matching conditions is not an acceptable probe limit
since being the geodesic equation a kinematical fact it should be preserved independent of the gravitational theory
or the codimension of the defect, which however is not the case for these matching conditions. Furthermore, even
the non-geodesic probe limit of the standard equations of motion for various codimension defects in Lovelock gravity
theories is not accepted, since this consists of higher order algebraic equations in the extrinsic curvature, therefore,
a multiplicity of probe solutions arise instead of a unique equation of motion at the probe level. Second, in the
D-dimensional spacetime we live (maybe D = 4), classical defects of any possible codimension could in principle be
constructed, and therefore, they should be compatible. The standard matching conditions fail to accept codimension-2
and 3 defects for D = 4 (which represents effectively the spacetime at certain length and energy scales) and most
probably fail to accept high enough codimensional defects for any D since there is no corresponding high enough
Lovelock density to support them.
According to our proposal the problem is not the distributional character of the defects, neither the gravitational
theory used, but the equations of motion of the defects. The proposed matching conditions (“gravitating Nambu-
Goto matching conditions”) may be close to the correct direction of finding realistic matching conditions since they
always have the Nambu-Goto probe limit (independently of the gravity theory, the dimensionality of spacetime or
codimensionality of the brane), and moreover, with these matching conditions, defects of any codimension seem to
be consistent for any (second order) gravity theory. These alternative matching conditions arise by promoting the
embedding fields of the defect to the fundamental entities. Instead of varying the brane-bulk action with respect
to the bulk metric at the brane position and derive the standard matching conditions, we vary with respect to the
brane embedding fields in a way that takes into account the gravitational back-reaction of the brane to the bulk.
The proposed matching conditions generalize the standard matching conditions, and so, all the solutions of the bulk
equations of motion plus the conventional matching conditions are still solutions of the current system of equations.
Therefore, only interesting extensions are expected by using the proposed matching conditions.
In the present work we have considered in detail the case of a 3-brane in five-dimensional Einstein gravity and
derived the generic alternative matching conditions. Of course, same or similar results are true for other codimension-
1 defects in other spacetime dimensions. Since a 3-brane can represent our world in the braneworld scenario, we have
investigated the cosmological equations and found the general solution for the cosmic evolution, as well as its bulk
extension. One branch of the solution, that we have investigated further, possesses the asymptotic linearized LFRW
regime. Compared to the conventional 5-dimensional braneworld cosmology, here, the Friedmann equation is much
more complicated and has an extra integration constant.
Both in the standard and the alternative cosmologies, there are three parameters in the action: the higher dimen-
sional mass scale, the bulk cosmological constant and the brane tension. Since both cosmologies possess the linearized
asymptotic regime, the satisfaction of Newton’s constant constrains the parameters from three to two. The main
difference between the two cosmologies is the satisfaction of the (approximately known) today flatness parameters.
For the standard braneworld cosmology (which coincides with ΛCDM at least recently) this requirement is achieved
in charge of one of these two parameters, and finally, only one parameter remains free (actually no essential free
parameter remains due to the normalization to the present Hubble constant). On the contrary, in the proposed
cosmology, the existence of the extra integration constant accounts for the today matter and dark energy contents,
and finally, the two parameters remain free (again only one free parameter is essential due to the today Hubble value,
and this parameter is denoted in the paper by V˜ or ϑ). Therefore, the new cosmology possesses an extra freedom
for accommodating better the observed characteristics of the universe. We have found that for values of V˜ extremely
close to the Randall-Sundrum fine-tuning there is a small today acceleration with a recent passage from the long de-
celeration era to the present epoch. We have estimated the age of the universe which is consistent with current data,
and calculated the time variability of the dark energy equation of state. For the same values of V˜ a unified cosmology
is defined for all times which possesses in the radiation regime a large acceleration (however, this cannot easily be
interpreted as inflation since the nucleosynthesis bounds are violated). In general, depending on the parameters, a
variety of behaviours can be exhibited which need further investigation and the model should be confronted against
real data.
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Appendix A: Geometric Components
For the metric (3.31), the extrinsic curvature tensor defined everywhere in the bulk is Kij(χ, y) = 12g′ij(χ, y) (a
prime denotes ∂/∂y). In the text we denote the two side value of Kij at the brane position by K+ij(χ) ≡ Kij(χ, 0+),
K−ij (χ) ≡ Kij(χ, 0−). The non-vanishing components of the necessary geometric quantities are
Γ5ij=−Kij , Γji5=Kji , Γijk=
1
2
giℓ(gℓj,k+gℓk,j−gjk,ℓ) (A1)
(where Kij = gikKkj)
Ri5j5 = −K′ij +KikKkj , R5ijk = Kij|k −Kik|j , Rijkℓ = Rijkℓ +KiℓKjk −KikKjℓ (A2)
(where | denotes the covariant derivative with respect to the metric gij)
R55 = −K′ − KijKij , Ri5 = Kji|j −K|i , Rij = Rij −K′ij + 2KikKkj −KKij (A3)
(where K = Kii)
R = R− 2K′ −KijKij −K2 (A4)
G55 = 1
2
K2− 1
2
KijKij− 1
2
R , Gi5 = Kji|j−K|i , Gij = Gij−K′ij+2KikKkj−KKij+
(
K′+1
2
KkℓKkℓ+1
2
K2
)
gij . (A5)
[1] B. Carter, J. Geom. Phys. 8 (1992) 53; B. Carter, 2nd Mexican School on Gravitation and Mathematical Physics, Tlaxcala,
Mexico, 1996 [hep-th/9705172]; B. Carter, Int. J. Theor. Phys. 40 (2001) 2099 [gr-qc/0012036]; R. Capovilla and J. Guven,
Phys. Rev. D 51 (1995) 6736 [gr-qc/9411060]; R. Capovilla and J. Guven, Phys. Rev. D 52 (1995) 1072 [gr-qc/9411061];
A. Kehagias and E. Kiritsis, JHEP 9911 (1999) 022 [hep-th/9910174].
[2] W. Israel, Nuovo Cim. B 44 S10 (1966) 1; Errata-ibid 48B (1967) 463.
[3] W. Israel, Phys. Rev. D 15 (1977) 935.
[4] R. Geroch and J. Traschen, Phys. Rev. D 36 (1987) 1017.
[5] D. Garfinkle, Class. Quant. Grav. 16 (1999) 4101 [gr-qc/9906053].
[6] J. M. Cline, J. Descheneau, M. Giovannini and J. Vinet, JHEP 0306 (2003) 048 [hep-th/0304147].
[7] A. Vilenkin, Phys. Rev. D 23 (1981) 852; A. Vilenkin, Phys. Rept. 121 (1985) 263.
[8] J.A.G. Vickers, Class. Quant. Grav. 4 (1987) 1; V.P. Frolov, W. Israel and W.G. Unruh, Phys. Rev. D 39 (1989) 1084;
W.G. Unruh, G. Hayward, W. Israel and D. Mcmanus, Phys. Rev. Lett. 62 (1989) 2897; C.J.S. Clarke, J.A. Vickers and
G.F.R. Ellis, Class. Quant. Grav. 7 (1990) 1; K. Nakamura, Prog. Theor. Phys. 110 (2003) 201 [gr-qc/0302057].
[9] P. Bostock, R. Gregory, I. Navarro and J. Santiago, Phys. Rev. Lett. 92 (2004) 221601 [hep-th/0311074].
[10] C. Charmousis, G. Kofinas and A. Papazoglou, JCAP 1001 (2010) 022 [hep-th/0907.1640].
[11] D. Lovelock, J. Math. Phys. 12 (1971) 498; B. Zumino, Phys. Rept. 137 (1986) 109.
[12] S. Kanno and J. Soda, JCAP 0407 (2004) 002 [gr-qc/0404207].
[13] C. Germani and C. Sopuerta, Phys. Rev. Lett. 88 (2002) 231101 [hep-th/0202060]; S. Davis, Phys. Rev. D 67 (2003)
024030 [hep-th/0208205]; E. Gravanis and S. Willison, Phys. Lett. B 562 (2003) 118 [hep-th/0209076]; R.C. Myers, Phys.
Rev. D 36 (1987) 392.
[14] C. Charmousis and R. Zegers, JHEP 0508 (2005) 075 [hep-th/0502170].
[15] Y. Mino, M. Sasaki and T. Tanaka, Phys. Rev. D 55 (1997) 3457 [gr-qc/9606018].
[16] T. Quinn and R. Wald, Phys. Rev. D 56 (1997) 3381 [gr-qc/9610053]; S. Gralla and R. Wald, Class. Quant. Grav. 25
(2008) 205009 [gr-qc/0806.3293].
[17] R. Geroch and P. Jang, J. Math. Phys. 16 (1975) 65.
[18] J. Ehlers and R. Geroch, Ann. Phys. 309 (2004) 232 [gr-qc/0309074].
[19] C. Charmousis and R. Zegers, Phys. Rev. D 72 (2005) 064005 [hep-th/0502171].
[20] G. Kofinas and M. Irakleidou, Phys. Rev. D 89 (2014) 065015 [hep-th/1309.0674].
[21] G. Kofinas and T. Tomaras, Class. Quant. Grav. 24 (2007) 5861 [hep-th/0702010].
[22] A. Davidson and I. Gurwich, Phys. Rev. D 74 (2006) 044023 [gr-qc/0606098].
[23] T. Regge and C. Teitelboim, in Proc. Marcel Grossman (Trieste), 77 (1975).
[24] G. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B 485 (2000) 208 [hep-th/0005016]; G. Dvali and G. Gabadadze,
Phys. Rev. D 63 (2001) 065007 [hep-th/0008054]; C. Deffayet, Phys. Lett. B 502 (2001) 199 [hep-th/0010186].
23
[25] R. Capovilla and J. Guven, Phys. Rev. D 57 (1998) 5158 [math-ph/9804002].
[26] B. Carter, Int. J. Theor. Phys. 40 (2001) 2099; A. Battye and B. Carter, Phys. Lett. B 509 (2001) 331.
[27] S. Deser, F.A.E. Pirani and D.C. Robinson, Phys. Rev. D 14 (1976) 3301.
[28] G. Kofinas, JHEP 0108 (2001) 034 [hep-th/0108013].
[29] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370 [hep-ph/9905221]; L. Randall and R. Sundrum, Phys. Rev.
Lett. 83 (1999) 4690 [hep-th/9906064].
[30] P. Binetruy, C. Deffayet, U. Ellwanger and D. Langlois, Phys. Lett. B 477 (2000) 285 [hep-th/9910219].
[31] S. Kachru and R.Kallosh and A.D. Linde and S.P. Trivedi, Phys. Rev. D 68 (2003) 046005 [hep-th/0301240]; V. Sahni
and A.A. Starobinsky, Int. J. Mod. Phys. D 9 (2000) 373 [astro-ph/9904398]; S.M. Carroll, Living Rev. Rel. 4 (2001) 1
[astro-ph/0004075]; P.J.E. Peebles and B. Ratra, Rev. Mod. Phys. 75 (2003) 559 [astro-ph/0207347]; T. Padmanabhan,
Phys. Rept. 380 (2003) 235 [astro-ph/0212290]; L. Amendola and S. Tsujikawa, Dark energy: Theory and Observations,
Cambridge University Press (2010).
[32] K. Ichiki, M. Yahiro, T. Kajino, M. Orito and G.J. Mathews, Phys. Rev. D 66 (2002) 043521 [astro-ph/0203272].
[33] A.G. Riess et al., Astron. J. 116 (1998) 1009 [astro-ph/9805201]; S. Perlmutter et al., Astrophys. J. 517 (1999) 565
[astro-ph/9812133].
[34] D.N. Spergel et al. [WMAP Collaboration], Astrophys. J. Suppl. 148 (2003) 175 [astro-ph/0302209]; P.A.R. Ade et al.
[Planck Collaboration], astro-ph/1303.5076.
[35] D.J. Eisenstein et al. [SDSS Collaboration], Astrophys. J. 633 (2005) 560 [astro-ph/0501171].
[36] L.A. Gergely, Phys. Rev. D 78 (2008) 084006 [gr-qc/0806.3857]; M.C.B. Abdalla, J.M. Hoff da Silva and R. da Rocha,
Phys. Rev. D 80 (2009) 046003 [hep-th/0907.1321]; K.C. Wong, K.S. Cheng and T. Harko, Eur. Phys. J. C 68 (2010) 241
[gr-qc/1005.3101].
